This paper describes the solution to a unique and challenging mixture experiment design problem involving: 1) 19 and 21 components for two different parts of the design, 2) many single-component and multi-component constraints, 3) augmentation of existing data, 4) a layered design developed in stages, and 5) a no-candidate-point optimal design approach. The problem involved studying the liquidus temperature of spinel crystals as a function of nuclear waste glass composition. The statistical objective was to develop an experimental design by augmenting existing glasses with new nonradioactive and radioactive glasses chosen to cover the designated nonradioactive and radioactive experimental regions.
Introduction
This paper describes the unique and challenging construction of a constrained mixture experiment design for a nuclear waste glass application. In general, a constrained mixture experiment involves varying the proportions of two or more mixture components within specified constraints and then measuring one or more response variables of interest for every mixture. In a mixture experiment, the proportions of the components must lie between zero and one, and sum to 1 for every mixture. In constrained mixture experiments, there are additional constraints consisting of lower and/or upper bounds on: 1) single components (single-component constraints) and/or 2) linear combinations of components (multi-component constraints) . Cornell (2002) provides a comprehensive discussion of the design and analysis of mixture experiments.
The nuclear waste glass application discussed in this paper involved studying the liquidus temperature (T L ) of spinel crystals as a function of glass composition. The statistical objective was to develop a constrained mixture experiment design that augments existing glasses with 40 new nonradioactive glasses and 5 new radioactive glasses. The new glasses were to be chosen from designated nonradioactive and radioactive experimental regions using a layered design approach (Piepel et al. 1993 (Piepel et al. , 2002 . A layered design contains points on the boundary of the experimental region (designated the outer layer), points on one or more interior layers of the experimental region (designated the inner layers), and a center point and replicates if desired. For the spinel T L layered design, only one inner layer was used. The outer and inner layers of the nonradioactive and radioactive experimental regions were defined by single-component and multi-component constraints involving 19 nonradioactive components and 2 radioactive components. Hence, the layers of the nonradioactive experimental region were defined by constraints on 19 glass components, while the layers of the radioactive experimental region were defined by constraints on 21 glass components.
The typical approach for constructing constrained mixture experiment designs is to use software to generate a set of candidate design points covering the experimental region and then use optimal experimental design software to select a subset of the candidate points. Candidate points usually include at least the vertices, and possibly other boundary points, of the constrained region.
The typical design construction approach could not be used for the spinel T L experimental design. The plan had been to use the vertices of the outer and inner layers of the nonradioactive and radioactive experimental regions as candidate points to construct the layered design. However, there were too many vertices for the MIXSOFT software (Piepel 1999) to generate and store, due to the large numbers of components and constraints. Assigning most of the computer's unused hard disk space to extended memory (to store vertices during the generation process) was not enough to resolve the problem. Ideas for generating a fraction of the vertices from which an optimal design could be selected (analogous to the work of Piepel (1990 Piepel ( , 1991 but accounting for the multi-component constraints) were pursued, but were not successful due to the high dimensionality of the problem. Ultimately, a customized version of a nocandidate optimal design capability in JMP® (2000) was used to generate the spinel T L layered design.
The following section of the paper provides some background information on the need to design an experiment to augment existing waste glass compositions with new waste glass compositions in the spinel primary phase field. The subsequent section of the paper discusses the steps used to construct the spinel T L layered design. The paper closes with a brief summary section. Appendix A discusses and illustrates the JMP capability to generate designs without candidate points. Appendix B lists the existing glass compositions that were augmented by the new experimental design discussed in this paper. Appendix C includes a graphical comparison of the existing and new glass compositions. 1
Background of Waste Glass Example
The Hanford Site in southeastern Washington State has 177 underground waste tanks containing 204,400 m 3 of wastes generated from more than four decades of nuclear fuel processing and actinide separations (Kirkbride 2000) . These wastes will be retrieved from the tanks, separated into high-level waste (HLW) and low-activity waste (LAW) fractions, and separately vitrified (i.e., made into waste glass). HLW glass is the focus of the study addressed in this paper.
Models that relate waste glass properties to composition play important roles in retrieving and vitrifying HLW. Property-composition models are useful for: 1) estimating the volume of HLW glass that will be produced, 2) optimizing glass compositions, and 3) judging the impacts of changes in waste compositions, blending scenarios, and pretreatment scenarios. Property-composition models will also be used to control the HLW vitrification process and demonstrate that the waste glass satisfies applicable requirements and constraints.
Developing suitable HLW glass property-composition models is an iterative process. Interim models are used to project the appropriate glass composition regions and predict values of the key or limiting glass properties to be modeled as functions of glass compositions. Experimental data then are generated to improve estimates of the key glass properties in composition regions of interest and the model development process is repeated. With this iterative process, composition regions are continually updated and property models improved.
Calculations have shown that the constraint on the liquidus temperature (T L ) property will limit the waste loading in nearly all Hanford HLW glasses. The T L constraint often is taken as the absence of solid inclusions in the melt at a nominal temperature. However, an alternative constraint is to limit solid inclusions to a small, fixed crystal fraction (e.g., 1 volume percent) at a nominal temperature. One of the primary phase fields of concern is spinel, which has the general formula (Ni,Fe,Mn)(Cr,Fe) 2 O 4 . Propertycomposition models are required to implement the spinel T L constraints. Hence, data are required to develop the models.
A glass composition -T L database for more than 200 glasses in the spinel primary phase field is reported by Vienna et al. (2001) and Jiricka et al. (2001) . However, only some of these data are applicable for Hanford HLW glasses. This paper discusses the steps of the experimental design process used to select new HLW glass compositions to augment existing glass compositions within the spinel primary phase field of the expected Hanford HLW glass composition region.
Construction of the Layered Design for Spinel Liquidus Temperature
A statistical experimental design approach was used to develop new HLW glass compositions to augment existing spinel T L data for 144 glass compositions relevant to Hanford HLW. A layered design approach for mixture experiments (Piepel et al. 1993 (Piepel et al. , 2002 was used to select an additional 40 glasses (including 4 replicates) not containing uranium (U 3 O 8 ) and thorium (ThO 2 ). Then, an additional 5 glasses containing U 3 O 8 and ThO 2 were selected. The specific steps used to implement this approach are described in this section.
Step 1: Define the HLW Glass Composition Experimental Region ) whose effects on spinel T L were to be investigated. Included in the 21 components were two radioactive components, U 3 O 8 and ThO 2 . Single-component and multicomponent constraints on the mass fractions of these 21 glass components were specified to define the experimental glass composition region. A twenty-second component-"Others", a mixture of the remaining minor waste components-was held constant at a mass-fraction value of 0.015 for all new glasses tested.
Denoting the mass fraction of glass component i by X i , the applicable single-component constraints on the 22 components were of the form 22 ... , 21 and 0.015 
In addition to the constraints in Equations (1) and (2), constraints on glass properties were implemented using modifications of linear mixture models developed during previous studies. These linear mixture models were of the form
onstraints based on ere written in the general form 1 where ŷ was the fitted property (or appropriate mathematical transformation thereof), the b i were fitted model coefficients, and the X i were mass fractions of the 22 glass components that sum to 1 as in quation (2). Multi-component c E linear mixture models of the form in Equation ( 
whe 0 re the A i , i = 1, 2, …, 22 were coefficients (or their negatives) from the linear mixture models, and A was obtained from the limiting value for a property.
The spinel T L experimental design was not constructed in terms of the 22 components. Rather, the design was constructed using normalized mass fractions of: 1) the 19 components varied in the onradioactive portion of the design, and 2) the 21 components varied in the radioactive portion of the malized mass fractions for the 19 nonradioactive components were defined as 
with i = 1, 2, …, 21 denoting the 21 components listed previously. In Equations (5) and (6), the X . However, this sum took different values for glasses in the existing database. For existing glasses as well as new experimental design glasses, the sum of the normalized mass fractions g ∑ i (for 19 components) and x i (for 21 components) was 1, as shown in Equations (5) and (6).
position experimental region were defined by lower ass fractions x , as well as lower and/or upper a bounds on glass properties (implemented by preliminary linear mixture models). The lower and u bounds on the x i were denoted by 0 1 for 1, 2, ... , 21 where and 0.985 0.985
he multi-component constraints on the x i were obtained by re-expressing the multi-component constraints on the X i [from Equation (4) below at least 1050°C were considered desirable. However, data for glasses with larger spinel T L values were also needed so property-composition models to be developed from the data will adequately predict acceptable as well as unacceptable values. The third and fourth property constraints in Table 2 correspond to 950°C ≤ T 5 ≤ 1250°C, where T 5 is the temperature at which the viscosity of glass is 5 Pa-s. These constraints limited attention to glasses with desirable viscosities within the range of the operating and idling temperatures for glass melters. Finally, the last two property constraints in Table 2 limits on U 3 O 8 , ThO 2 , and the remaining 19 components were used to define the radioactive (inner layer) glass composition region to be studied.
Six glass property constraints, implemented via preliminary linear mixture models, are listed in Tabl 2. The first two property constraints in Table 2 correspond to 800°C ≤ T L ≤ 1300°C. Spinel T L values with these PCT releases below 1.0 or even 0.5 g/m 2 . However, specifications for HLW glass allow larger values in the neighborhood of 6 g/m 2 . Hence, these larger limits were used so that glasses with larger as well as smaller PCT releases were included in the experimental region.
Step 2: Screen the Existing Database for Glasses in the Composition Region of Interest Because the goal was to augment relevant existing spinel T L -composition data with new data, the existing data were screened to determine the glasses having compositions within the composition region defined by the outer layer constraints in Table 1 and the multi-component constraints in Table 2 . However, an insufficient number of glass compositions were obtained, so the single-component constraints in Table 1 were expanded to those shown in Table 3 . Generally, the lower and upper limits on each component were extended by 10% of their values in Table 1 , although for NiO the lower limit was set to 0. The following sub-steps were used to screen the existing data.
• For each glass in the existing database, the normalized mass fractions of the 19 nonradioactive components were calculated using the formula in Equation (5 Table 3 were eliminated.
• • All glasses in the existing database not satisfying the normalized multi-component constraints in Table 2 were eliminated.
The initial database contained T L values for 214 glasses in the spinel primary-phase field. After the glass compositions were screened according to the preceding sub-steps, 144 glass compositions remained. Step 3: Assess Screened Existing Data
As mentioned previously, the strategy called for selecting 40 new glasses without U 3 O 8 and ThO 2 , then selecting 5 new glasses containing U 3 O 8 and/or ThO 2 . The 40 and 5 glasses were selected to augment the screened existing data. Of the 144 glasses satisfying the constraints in Tables 2 and 3, 130 glasses did not contain U 3 O 8 and 14 did contain U 3 O 8 . None of the existing glasses in the spinel T L database contained ThO 2 .
The 144 screened, existing glasses were graphically assessed with dot plots (Figure C.1 in Appendix C) to assess how well the glasses covered the glass component ranges of interest. The existing data spanned ranges of some components fairly well. For other components (B 2 O 3 , Cr 2 O 3 , F, K 2 O, MnO, P 2 O 5 , SrO, TiO 2 , and ZnO), there were limited data for larger values within component ranges. None of the existing glasses contained Bi 2 O 3 or ThO 2 . It was concluded that the 144 screened existing glasses provided reasonable support for augmenting with new glasses, but that the new glasses would have to fill in uncovered or inadequately covered portions of the HLW glass composition experimental region.
Step 4 At this step, the objective was to construct a constrained mixture experiment design for 19 components, excluding U 3 O 8 and ThO 2 . The 144 screened, existing glass compositions were expressed as normalized mass fractions of the 19 components calculated according to Equation (5). The 14 glasses containing U 3 O 8 were included in these 144 glasses, so U 3 O 8 was removed from the normalized compositions. Assuming that U 3 O 8 will not affect spinel T L , the 14 U 3 O 8 glasses were retained in the set of normalized 19-component compositions to be augmented. These 14 glasses did not contain ThO 2 , so ThO 2 was not removed in the normalized 19-component compositions. The remaining 144 -14 = 130 glasses did not contain U 3 O 8 or ThO 2 , so their normalized 19-component compositions were the same as their normalized 21-component compositions.
A total of 8 distinct outer-layer glasses were selected to optimally augment the 144 screened existing glasses, expressed as normalized 19-component compositions. Only 8 glasses were selected from the outer layer because outer-layer compositions are less likely to be produced from Hanford HLW.
A customized, post-Version 4 development version of JMP (2000) was obtained courtesy of Dr. Brad Jones of SAS Institute Inc. to perform the optimal augmentation. JMP can optimally generate or augment existing data with new data points without having to select from a set of candidate design points. This capability is discussed and illustrated in Appendix A. The traditional approach of generating all of the extreme vertices of the outer layer to use as candidate design points for optimal experimental design software was attempted first. However, this approach was unsuccessful because of the inability of existing software [e.g., MIXSOFT (1999) ] and computers to generate and store the extremely large number of vertices. So, the "augment design" capability of JMP was used to D-optimally augment the existing 144 glasses with 8 new glasses on the outer layer composition region defined in Tables 1 and 2. linear mixture model of the form A At this step, 27 inner-layer glasses were selected to augment the 144 screened, existing glasses and the 8 outer-layer glasses selected in Step 4. The inner layer was defined by the single-component constraints in the "Inner Layer" columns of Table 1 and by the multi-component constraints in Table 2 (which apply to both the outer and inner layers). The customized, development version of JMP mentioned in Step 4 was used to select the 27 inner-layer compositions to D-optimally augment th 8 = 152 ex a med.
Steps 4 and 5 were performed several times, which provided several candidate designs of 8 + 27 glass compositions. Dot plots and scatterplot matrices were used to compare how well the candidate designs covered the glass composition experimental region. The preliminary property-composition models used to define the multi-component constraints in Table 2 were used to predict glass property values for the points in each candidate design. Dot plots and scatterplot matrices then were used to asse how w new ss ell each candidate design covered glass property ranges and regions. Based on these graphical com arisons of candidate designs, the set of 8 + 27 = 35 compositions judged the best was selected for use he 7 inner-layer compositions are listed as SPA-9 to SPA-35. The 19-component normalized compositions may be calculated from the 22-component
Step d by nonradioactive com osition region. The center glass composition and replicates were chosen without U O and ThO bec P-1, G-18, and LSi-Al-16) were selected to span the composition and property spaces. In Table 4 , the center . Equation (6). The 5 radioactive glasses were selected within a glass composition region defined by the inner-layer single-component constraints in Table 1 and the multi-component constraints in T ssessments of ow well the 5 radioactive compositions were spread over glass composition and glass property spaces. The selected 5 radioactive compositions are listed as glasses SPA-41 to SPA-45 in Table 4. p .
Although the 8 outer layer and 27 inner layer glasses were selected based on 19-component normalized compositions, for completeness they are listed in Table 4 as 22-component compositions. T 8 outer-layer glasses are listed as SPA-1 to SPA-8, and the 2 compositions in Table 4 using the formula in Equation (5).
6: Add Overall Centroid and Replicates to the Experimental Design
A center glass composition (for the nonradioactive glass composition region) was calculate averaging the 8 outer-layer and 27 inner-layer compositions and added to the experimental design. Traditionally, a center glass composition is calculated by averaging all extreme vertices of the composition region of interest (e.g., the outer and/or inner layers). However, there were too many vertices to generate them with existing software, as previously discussed. Hence, it was decided to average the selected 8 outer-layer and 27 inner-layer glasses to form a center glass in the p 3 8 2 ause of the desire to limit (to 5) the number of radioactive glasses melted and tested.
Four replicates also were added to the experimental design to provide for assessing experimental and property measurement variation. Replicates of the center glass (SPA-36) and three existing glasses (S S glass composition is denoted SPA-36 and the replicate compositions are denoted SPA-37 to SPA-40
S Glasses with New Radioactive Glasses
Steps 4, 5, and 6 focused on selecting the 40 experimental design glasses without U 3 O 8 and ThO The customized version of JMP (previously discussed) was used to select the 5 radioactive glasses. A linear mixture model in the 21 normalized components was assumed. Again, several alternative sets of 5 radioactive glasses were generated using JMP, and one set was selected based on graphical a h 0.0700 0.0000 0.0420 0.0160 0.0000 0.0700 0.0000 0.0700 0.0000 0.0500 0.0491 0.0000 CaO 0.0000 0.0033 0.0000 0.0000 0.0300 0.0300 0.0300 0.0300 0.0200 0.0000 0.0000 0.0200 CdO 0.0000 0.0200 0.0000 0.0000 0.0000 0.0200 0.0200 0.0200 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 TiO 2 0.0149 0.0200 0.0000 0.0000 0.0200 0.0000 0.0000 0.0200 0.0000 0.0088 0.0200 0.0200 U 3 O 8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 ZnO 0.0000 0.0200 0.0000 0.0000 0.0200 0.0099 0.0180 0.0000 0.0200 0.0000 0.0000 0.0000 ZrO 2 0.0100 0.0264 0.0100 0.0100 0.0300 0.0300 0.0100 0.0300 0.0276 0.0300 0.0100 0. 0.0000 0.0000 0.0500 0.0000 0.0500 0.0500 0.0483 0.0000 0.0500 0.0000 0.0000 0.0268 CaO 0.0000 0.0200 0.0000 0.0046 0.0200 0.0200 0.0000 0.0000 0.0200 0.0200 0.0000 0.0115 CdO 0.0000 0.0000 0.0000 0.0100 0.0000 0.0000 0.0000 0.0000 0.0100 0.0100 0.0100 0.0077 Step 8: Assess the Combined Existing Glasses and New Experimental Design Glasses Figure C .1 in Appendix C shows comparative dot plots of the normalized 21-components for the 144 existing glasses and the 45 new experimental design glasses. Scatterplot matrices also were used to view two-dimensional projections of the compositions and predicted spinel T L , but are not presented here. The dot plots in Figure C .1 show reasonably good coverage of glass component ranges by existing and new glass compositions. New glasses partially filled in component ranges not covered or inadequately covered by existing glasses. However, because only 8 of 45 new glasses were on the outer layer of the experimental region, there were still a limited number of glasses with higher values of some components. Still, the dot plots suggested that the combined 144 + 45 = 189 glass data set would provide good support for fitting models relating spinel T L to glass composition.
Summary
This paper discusses the application of non-traditional methods to construct a constrained mixture experiment design for studying the dependence of spinel T L on nuclear waste glass composition. Because many components of waste glasses can impact spinel T L , 19 nonradioactive components and 2 radioactive components were chosen to be varied in the design. Single-and multi-component constraints were specified to restrict attention to glass compositions appropriate for the nuclear wastes considered and having glass properties within desired ranges. A layered design approach was used to augment 144 existing glasses falling within a slightly expanded version of the glass composition experimental region. The layered design approach allowed selecting fewer new nonradioactive glasses (8) on the boundary (outer layer) of the experimental region, and more nonradioactive glasses (27) on an inner layer of the experimental region of more interest. The construction of a layered design in steps also allowed adding a center glass composition, replicates, and a small number (5) of radioactive glasses.
The large number of mixture components and component constraints made it impossible to use the traditional design construction approach of generating candidate points and selecting a subset using optimal experimental design. A coordinate-exchange algorithm modified for applicability to mixture experiments implemented in JMP (2000) was used. This algorithm generates optimal experimental designs without the need to first generate candidate points. This algorithm in JMP was used in sequential steps to augment existing glasses with the outer layer nonradioactive, inner layer nonradioactive, and radioactive glasses.
Appendix A A Candidate Set Free Approach to D-Optimal Mixture Design
Version 4.0 and later releases of JMP® are capable of generating optimal designs with or without candidate points. To generate optimal designs without candidate points, JMP uses a modification of the coordinate-exchange algorithm introduced by Meyer and Nachtsheim (1995) . Row-exchange algorithms have traditionally been used to generate optimal designs from a set of candidate points.
Row-exchange algorithms replace an entire design row with a candidate set row at each step. The two important data structures are the current design and the candidate set. The objective function for the current design is compared to the objective function for a possible new design obtained by replacing a row of the current design by a row of the candidate set. Row exchanges are performed until the objective function is optimized. For the commonly used D-optimal design criterion, the goal is to minimize the objective function │(X'X) -1 │. Depending on the purpose of an experiment, the candidate set may include: 1) vertices, 2) other boundary points, and 3) interior points of the experimental region. For an unconstrained mixture experiment, the candidate points must be on or within the mixture simplex. For a constrained mixture experiment, the candidate points must be on or within the specified constrained subregion. As the number of mixture components and constraints defining a constrained mixture experiment increase, the number of candidate points grows rapidly. This means computing resources to generate and store the candidate points also grow rapidly with the numbers of mixture components and constraints.
By contrast, the coordinate-exchange algorithm replaces only one coordinate of a design row at each step. In a mixture experiment, each mixture component varies from a lower bound (0 ≤ L i ) to an upper bound (U i ≤ 1). These lower and upper limit values, as well as an arbitrary number of points between them, are candidates for exchange of the current value.
However, there are two difficulties in applying a coordinate-exchange algorithm to mixture experiment design. First, a starting design of feasible mixture points must be generated to begin the coordinate-exchange algorithm. A mixture point is feasible if it lies on or within all the constraint boundaries and satisfies the mixture constraint (of the proportions summing to 1). Second, a coordinate value (mixture component proportion) cannot be changed independently of the other coordinates in a mixture. If a coordinate changes, then at least one other coordinate also must change to maintain the sum of the mixture component proportions at 1. The following discussion describes ways to overcome these two difficulties.
Step
1: Find a Starting Design of Feasible Points
One way to find a starting design is by generating feasible points one at a time until a starting design with the desired number of runs is obtained. The process starts by generating a random point within the mixture simplex. If this point obeys all the constraints, then it is added to the starting design. Otherwise, it is projected onto the nearest constraint boundary. If all constraints are satisfied, the point is added to the starting design. If not, the process continues by finding the nearest constraint boundary and projecting the point onto that boundary. If the constraint set is consistent, this process yields a feasible point. The process is repeated until a starting design with the desired number of feasible points is obtained.
Step 2: Apply Coordinate-Exchange Algorithm to Optimize the Starting Design After a starting design is constructed, a sequence of coordinate exchanges is performed to generate an optimal design. Starting with the first point of the starting design, the first component can be varied along with the remaining components so that the pair-wise ratios of the remaining components remain fixed. This yields a line that traces through the first point of the starting design to the vertex of the mixture simplex corresponding to the first component. This line is referred to as the Cox-effect direction (Piepel 1982 , Cornell 2002 for the first component, where the first starting design point is the reference mixture. Performing coordinate exchanges in this manner overcomes the difficulty mentioned previously, that the proportion of one component cannot be changed independently.
If there are lower and upper bound constraints and/or linear inequality constraints on the mixture component proportions, the upper limit (U 1 ) of the first mixture component may be less than one. Similarly, the lower limit (L 1 ) may be greater than zero. Consider n -1 additional points obtained by dividing the segment of the Cox-effect direction of the first component between L 1 and U 1 into n subsegments of equal length. For each of these n + 1 points, the value of the objective function is computed. If the maximum improvement in the objective function is greater than zero, the current point is exchanged for the point corresponding to this increase.
Next, the second mixture component of the first point is used to repeat the process. The process continues until all components in all rows have been considered for exchange. If any exchanges were made, then the entire process is repeated starting with the first component in the first row. The coordinate-exchange algorithm ends when there have been no exchanges in a complete pass through all the components in every row. An alternative stopping rule is to put an upper bound on the number of iterations through the factor settings matrix.
Other Considerations
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Appendix B Existing Glass Compositions Augmented by New Design
Cr
Appendix C Dot Plots for Existing Glasses and New Experimental Design Glasses
Appendix C shows dot plots of the normalized 21-components for the 144 existing glasses and the 45 new experimental design glasses. Figure C.1 .::. : . : : 
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